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We examine the theory of collisionless transverse current waves in bulk superfluid *He-B, includ-
ing the coupling to the order parameter collective modes. At low frequencies, w < A(T), the order
parameter modes do not contribute to the restoring force for a transverse current, and the quasipar-
ticle contribution drops rapidly as the gap in the spectrum develops. Thus, low-frequency transverse
sound becomes overdamped at temperatures near T.. However, at low temperatures (T50.3 T.) the
off-resonant coupling to the J = 27, M = +£1 modes stabilizes a propagating transverse current
mode, with a large phase velocity and low damping for frequencies above a critical frequency that
is approximately that of the J = 27 mode. We also discuss the similarities and differences of
longitudinal and transverse sound in the superfluid phases. For example, in zero field right- and
left-circularly polarized waves are degenerate. A magnetic field, with ﬁ||q_', lifts this degeneracy,
giving rise to the analog of circular dichroism and birefringence of electromagnetic waves. Thus,
transverse waves may be more easily detected in the B-phase than in normal *He.

PACS numbers: 74.30.Ci, 74.30.Gn, 74.65.4+n

I. INTRODUCTION

Many predictions of Landau’s theory of a normal Fermi liquid have been confirmed by experiments on the low-
temperature phases of >He (c.f. Baym and Pethick [1]). Most notable is the prediction of a collisionless longitudinal
sound mode (‘zero sound’). Landau also pointed out the possibility of a collisionless transverse sound mode, i.e. a
propagating shear wave. [2] While the experimental confirmation of longitudinal zero sound is a well known achieve-
ment, [3] the evidence for transverse sound in 3He is much less clear. We briefly review past work on transverse
sound in 3He, and then present theoretical arguments that a propagating transverse current mode may be most easily
detected at very low temperatures in the B-phase of superfluid He.

Ordinary sound in 3He propagates as a result of collisions between the quasiparticles, which restore local equilibrium
on a timescale 7 that is much shorter than the period of the wave, wr < 1. The mean collision time in a normal Fermi
liquid becomes very long at low temperatures, 7 ~ 1/72. The collisional restoring force necessarily breaks down and
hydrodynamic sound ceases to propagate. The transition to collisionless sound, for a fixed frequency w, occurs at a
temperature T given by wr(7;) =~ 1. In this regime sound propagates as a coherent particle-hole excitation of the
Fermi sea; however, other propagating modes are possible, including transverse sound.

The restoring force for collisionless sound modes is the Landau molecular field. The velocities of these modes are
related to the Landau interaction parameters, FJ and Fy, characterizing the [ = 0 and { = 1 harmonics of the molecular
field. The [ = 0 interaction is related to the compressibility of 3He and is large and positive; F§ ~ 10—100 for pressures
ranging from zero to 34 bar. Similarly, F¥ determines the molecular field associated with the quasiparticle current,
and ranges between 5 — 15 over the same pressure range. For a collisionless mode to propagate in the normal state,
the phase velocity must be greater than the Fermi velocity; otherwise the mode can decay into quasiparticle-quasihole
pairs. For longitudinal sound, this condition is obeyed by a considerable margin for all pressures, and primarily reflects
the incompressibility of liquid 3He. Since transverse sound does not involve density fluctuations, the restoring force
is considerably smaller, and is almost entirely due to the molecular field associated with the quasiparticle current.
Transverse sound is expected to propagate, albeit with a velocity close to the Fermi velocity, ¢; ~ 1.2 vy at p = 34
bar. [4]

Observation of transverse zero sound has proven difficult. Roach and Ketterson [5] reported direct transmission of
transverse zero sound below 4 mK. However, Flowers, el al. [6] pointed out that both incoherent quasiparticle and
collective excitations would contribute comparably to the transverse current. In fact the analysis by Flowers et al.
of the pressure dependence of the attenuation length indicates that the signal reported in ref.[ [5]] was due to single
particle excitations and not the collective mode. Thus, to date there is no direct evidence of propagating transverse
sound in the normal phase of He, and even less evidence for a propagating mode below T,. [7] However, transverse



acoustic impedance measurements in the normal phase are interpreted in terms of contributions from both a coherent
transverse sound mode and an incoherent quasiparticle response. [5,8]

Compared to the literature on longitudinal sound, there have been relatively few theoretical papers on transverse
sound in superfluid 3He. Initial investigations concluded that the mode, which is already difficult to detect in the
normal state, would rapidly disappear below T.. [9-12] In an early paper Maki calculated the transverse current
response function in 3He-B. [10] Although his result includes the coupling to the squashing mode, Maki analyzed
his result for w € A, where the condensate remains in local equilibrium, and obtained the dispersion relation and
a criterion for the disappearance of transverse sound. The temperature below which transverse sound would no
longer propagate was given by Y(Ty)F7/6 = 1, which for F} = 15 (high pressure) is roughly, Ty ~ 0.7 T,. [10]
Combescot and Combescot [11] came to a similar conclusion regarding the fate of low-frequency transverse sound.
The only theoretical work on transverse sound at high frequencies is that of Maki and Ebisawa [13] who examined the
coupling of transverse currents to the J = 27 modes. These authors also emphasize the disappearance of transverse
sound below T, but do not restrict themselves to low frequencies. The numerical calculations reported in ref.[ [13]]
are for frequencies below the J = 27 mode, w < wa_(0) ~ /12/5A¢; they find a purely reactive response at low
temperatures, ¢e. non-propagating solutions. While some of the important results were obtained early on by the
above authors, developments in low-temperature acoustics and our understanding of the collective mode spectrum of
superfluid 3He make it worthwhile to revisit transverse current modes in superfluid 3He.

The disappearance of low-frequency transverse sound in the superfluid phases should be contrasted with a propa-
gating longitudinal sound mode at all temperatures below T,.. There are two important differences for low-frequency,
collisionless (1/7 < w < A(T)) longitudinal and transverse sound modes in superfluid 3He. First, as noted earlier,
transverse sound does not couple to density fluctuations, for which there is a very strong restoring force; since the
restoring force for transverse current dies out rapidly, so does the mode. Secondly, density and longitudinal current
fluctuations couple to the phase mode of the order parameter, which has a phonon dispersion relation. These features,
the coupling to the propagating phase mode combined with a large restoring force from the quasiparticle contribu-
tion to the molecular field, are responsible for a propagating longitudinal sound mode at all temperatures. In short,
transverse current does not propagate at low frequencies because it does not couple to the phase mode, nor to any
other propagating mode.

At higher frequencies, w ~ A, density and current fluctuations couple to other collective modes of the order
parameter. These modes are broadly classified into two types: (i) Goldstone modes, associated with a spontaneously
broken continuous symmetry, and (ii) exciton modes (also referred to as pair-vibration modes), which correspond to
time-dependent deformations of the order parameter. In addition to the phase mode, which 1s the Goldstone mode
associated with broken gauge symmetry, [14,15] there are other Goldstone modes associated with broken rotational
symmetries, although they are not important for the discussion of sound propagation in homogeneous 3He-B. Exciton
modes have been studied extensively in superfluid 3He, both experimentally and theoretically [c.f. ref.( [16])]. In
particular, ultrasound spectroscopy of the order parameter collective modes played an important role in confirming
the identification of the A and B phases based on NMR spectroscopy. [16,17]

In the following section we discuss the symmetries of 3He-B, the spectrum of collective modes and the selection
rules that govern the coupling of various modes in the B-phase. The dispersion relation for transverse current is
derived from quasiclassical linear response theory in section (IIT). We present analytical and numerical results for
the complex phase velocity of transverse waves, and show that transverse currents propagate with low attenuation

in the frequency range ws_(0) < w < 2A,, for low temperatures, T20.3 T,. We briefly discuss the similarities and
differences between longitudinal and transverse current modes. Right- and left circularly polarized transverse modes
propagate with different complex phase velocities in a longitudinal magnetic field, ﬁ||(j’ Thus, these modes exhibit
the analog of circular birefringence and dichroism of electromagnetic waves in a magnetic medium. The rotation of
the polarization of a linearly polarized transverse excitation would be a definitive method of detecting a propagating
transverse wave.



II. SYMMETRIES AND SELECTION RULES

The superfluid phases of 3He are spin-triplet, p-wave pair condensates [c.f. Vollhardt and Wolfle [17]], with an
order parameter given by the mean-field self-energy of the pairs,

Sosi) = [ SV [t <apaag> (1)
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The equilibrium B-phase is identified as the Balian-Werthamer (BW) state, represented by the 3 x 3 complex matrix

A
V3
which transforms as vector under spin (orbital) rotations with respect to the index 7 (j). In the above equation, A
is the amplitude, ® is the phase, and R;; is an orthogonal matrix defining the relative orientation of the spin and
orbital coordinates of the Cooper pairs. The matrix d;; is related to the spin-triplet, p-wave mean-field self energy by

Aup(p) = [io'0?]apd;;pj. The BW state is an eigenfunction of total spin (S = 1) and total orbital angular momentum
(L = 1). And, although the relative spin-orbit symmetry is spontaneously broken, the BW state is nevertheless an

dl']' = RZ][ﬁ,ﬁ] GZ@ ; (2)

eigenstate of the total angular momentum, defined by J=L+R*. S with J = 0. As a consequence of the isotropy
of the BW state, the excitations of the order parameter are also classrﬁed by the quantum numbers (J, M), where M
is the quantum number for the projection of J along a fixed quantization axis defined by the larger of the Zeeman
or dispersion energies. [18] For example, excitations of the amplitude, A, or the phase, ®, have the same rotational
symmetry as the ground state, and so have quantum number J = 0. However, more complicated excitations of the
order parameter have quantum numbers J = 1, with M = 0,£1, or J = 2, with M =0, +1, £2.

The amplitude, A, is a stiff degree of freedom, fixed by the minimum of the condensation energy. Therefore, the
amplitude mode (or any deformation from the local equilibrium form of eq.(2)) has a finite gap at ¢ — 0. On the
other hand, the phase mode and the rotation matrix are soft degrees of freedom because the free energy is invariant
under uniform gauge transformations and/or uniform spin and orbital rotations. Thus, long wavelength excitations
of these soft variables have no gap, but typically a linear dispersion relation for ¢ — 0. In particular, at 7' = 0 the
phase mode has the dispersion relation, w = %q, in the long wavelength limit. [14,15] This mode, which strongly
couples to the density and longitudinal current, has its velocity pushed up to the hydrodynamic sound velocity, ¢;
(for w < A), [19] and is responsible for the survival of longitudinal collisionless sound in the superfluid as 7' — 0.

In addition to these qualitative features of the collective mode spectrum, there is the doubling of the number
of excitations for each rotational quantum number (J, M). This doubling reflects the fact that the general order
parameter is a complex 3 x 3 matrix. Connected with this doubling is the discrete particle-hole symmetry of the
normal Fermi liquid. The particle-hole operation transforms a quasiparticle with energy £z > 0 into a quasihole

with energy &y = —&; < 0 (with a spin reversal), and is represented by a unitary operator C that has the action,
Ca/,;aCJr = [ic?]ap a%ﬂ. This operation is an approximate symmetry of the normal Fermi-liquid ground state, and

as a consequence the order parameter, d;;, transforms into its complex conjugate. [20] Thus, the real and imaginary

parts, d;tj = d;j £ dj;, have definite signatures under the particle-hole transformation, di ¢ + di Excitations of
the condensate can then be labeled by the set of quantum numbers {J, M, (}, where { = & is the signature under
particle-hole interchange. The utility of this description is most evident when we consider selection rules for processes
involving these excitations. [20,21]

Although many of the remarkable properties of superfluid 3He-B are connected with the Goldstone modes, they
are largely irrelevant for propagating transverse current waves. FEven the phase mode, which is so important for
longitudinal sound, does not couple to transverse current in the isotropic B-phase. However, transverse currents do
couple to the J = 2, M = &1 modes of the order parameter. Although these modes have excitation energies of order
A, they provide a contribution to the molecular field which stabilizes the propagation of transverse current waves.
This is analogous to the role of the phase mode in the case of longitudinal sound. However, the differences in the
dispersion relations for the phase mode and the high-frequency J = 2 modes leads to more complex frequency and
temperature dependences for the transverse mode velocity. Before we analyze the dispersion relation in detail we first
discuss the symmetry constraints on the allowed couplings between the density, current and order parameter modes.

Consider the conservation laws for particle number and momentum,

wén —q-6; =0, (3)
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These equations must be supplemented by constitutive equations connecting the fluctuations of the stress tensor,
61Il;;, the current, j;, the density, én, and the order parameter, 6d;tj. Note that for a Galilean invariant system the

momentum current is ms 6;, where mg3 is the atomic mass of 3He. [1] In linear response the fluctuation in the stress
tensor has the general form,

The symmetry of the equilibrium state places stringent conditions on the form of the constitutive equation. In fact, we
have required 61II;; to be symmetric, and have imposed the rotational invariance of the ground state in writing eq.(5).

There is an additional constraint imposed by particle-hole symmetry; the stress tensor transforms as 6Hij£> — oll;;,
as does the density, current and imaginary part of the order parameter. Thus, for eq.(5) to be consistent with
particle-hole symmetry the coupling to the real part of the order parameter, 6d;|'j, must vanish. Of course, the fact
that particle-hole symmetry is weakly broken (at the level O(T/E})) implies a small, but non-vanishing, coupling to
the real order parameter modes; [22] it is this coupling that is responsible for the sharp resonance observed in the
longitudinal sound attenuation at the frequency of the J = 2% modes. [23-25]

Here we are interested in the coupling of the order parameter to transverse current. It is then convenient to represent
the current as,

§j(Gw) = Y 8t (6)
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with é(9) = ¢ defining the propagation direction, and é(£) = Lz(i‘ + iy) for the transverse circular polarizations. The

order parameter fluctuations may also be written in terms of these and related elementary tensors,

sdE =3 DE (Gw) M) (7)
J M

where {tg}»]’M)} are spherical tensors obeying the orthogonality conditions, tr[tA(J’M)f(JI’MI)T] = 67.5:6p 0. The basis
used here is [26]
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By inspection of eqs.(4)-(12), it is clear that neither longitudinal, nor transverse current couples to the J = 1 modes.
Also note that the longitudinal sound couples only to the order parameter modes with J = 0% and J = 2% M = 0.
The J = 0~ mode is the phase mode; the J = 0T mode is the amplitude mode, which does not couple if we enforce
particle-hole symmetry. The J = 2% modes are the well-studied real and imaginary squashing modes. The coupling
of the order parameter to transverse current is also evident from eqs.(5)-(12); only the J = 2% M = +1 modes couple
to transverse current, and the real modes are eliminated if we enforce particle-hole symmetry. In the next section we
calculate this coupling and investigate the conditions for propagating transverse current modes.

III. LINEAR RESPONSE THEORY

The collective excitations of superfluid 3He involve molecular fields, normally associated with particle-hole excita-
tions, as well as particle-particle excitations of the condensate. Indeed these two channels are coupled as a result of pair
condensation. Thus, a theory of collective modes in superfluid ®He requires a transport equation for the quasiparticle
excitations, and a time-dependent gap equation to describe the dynamics of the order parameter. These equations



must be supplemented with initial conditions, which we take to be the homogeneous equilibrium B-phase, represented
by the order parameter in eq.(2), and its associated quasiparticle spectrum, N(e¢), and thermal distribution.

We start from the quasiclassical formulation of non-equilibrium superconductivity, [27-29] and follow closely the
notation in ref.[ [30]]. This theory is formulated in terms of a 4 x 4 matrix propagator in combined particle-hole/spin
space,

i =( 4 1), (13)

where each entry is a 2 x 2 spin matrix. The diagonal components are closely related to the distribution functions for
Bogoliubov quasiparticles, while the off-diagonal elements are the Cooper pair amplitudes. There is some redundancy
in this description; the functions f and g satisfy the identities,

.f = _f(_ﬁa —€ _q_’a —(.d)* ; g = g(_ﬁa —€ q_’aw)“‘ 3 (14)

as do the diagonal and off-diagonal self energies. In the collisionless, limit the linearized transport equation is

(e +w/2) 75 8 — 8 (¢ —w/2) 75 + 89A — Abg + iTp(p) - Vo5
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where A(ﬁ) is the equilibrium order parameter,
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with A(p) given by the BW state in eq.(2), and é(p; ¢,w) represents the perturbation in the Landau molecular field
(defined below). The corresponding equilibrium propagator is

Geg(€) = 0(c) 73+ ) A (17)
where o = —¢ = —27i N(¢) tanh(e/27'), and

N(e)= O(e? — A% (18)

is the quasiparticle density of states in units of the normal-state density of states at the Fermi surface, N;. The
fluctuations of the order parameter,

A 0 §d - ido
M(m’“):( 5 ims 0 ) (19)

are determined self-consistently by the weak- couphng gap equation, which we write in terms of the real and imaginary
parts of the order parameter fluctuations, sdE = 6d + 6d (we use the same convention for other variables),

- dsy’ Ye de o
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The pairing interaction is taken to be pure p-wave with a cut-off (T, < w. < E), which is replaced in favor of the
transition temperature via the linearized gap equation, V% = :U; de % ~ In(1.13w,./T;).

The diagonal mean field, £(p; §,w), represents the fluctuation in the Landau molecular field, and is determined
self-consistently in terms of the diagonal quasiclassical propagator,

oo B+ h(p) G 0
g = (T R ) 2y

where the scalar and spin-vector fields are,
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ADM(x) = 30 s [F/(L+ F%/20 4+ 1)) Pi(x) are the Fermi-liquid interactions in the scalar and spin channels, and
Rewt = —%ﬁ/(l + F{) is the external field. We have introduced the e-integrated propagator,

L de L
§4(p; ¢, w) :/_ bg(p, e qw) (24)

27
and a similar notation for other components of 4.
Consider the BW state in zero field, h = 0. Because of the isotropy of the B-phase only the low-order Landau

parameters, F{§, F7, and F3 turn out to be relevant. The diagonal mean field is then represented by the even- and
odd-parity terms,
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which we have written in terms of the spherical harmonic components of the diagonal propagator,
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Note that the linear combinations §G* and e* correspond to the even- and odd-parity parts of 6§ and .
Finally, the quasiclassical propagator is related to the density and current response by, [29]

. Ny [dQ N
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The density is proportional to the { = 0 moment of the distribution function, while the longitudinal and transverse
components of the current are given by the { = 1 projections of 64,

. 1
8ju = ng vy 691, ; p=0,%1. (31)

An important equation which follows from direct integration of the transport equation for the diagonal propagator

is, [21]
(w =7 7(5)) 63(5) — 20 62(p) = 0. (2)
This equation contains both conservation laws. For example, the { = 0 projection of eq.(32) gives
1
w(l — Ap) 6g0 — gqvf 8g10=10, (33)

which upon comparison with eqs.(29) and (31) is the continuity equation (3). Similarly, the | = 1 projections yield
the conservation law for momentum, with the stress tensor identified as

Q-
61l;; = Nypyoy /Epipj 64(p) - (34)



A. Transverse Waves

The dispersion relation for transverse current is obtained as the solution to (eq.(4)),

w 2 Fy 16
(). -2+ D ) e
quy + 5} 3 \/iégli
where the response function {6g2,/6¢1,} is the internal stress, or ‘restoring force’, generated by a field that couples
to transverse current with circular polarization g = +. The restoring force is calculated from the solutions to the

linearized transport equations. The relevant matrix elements are given in ref.( [30]), from which we construct the
solutions,

8g*(p) = 2 (ﬁ) (1= Nwet + 0] +wh(A-d7) (36)
d~(p) =4 [ 42 { A() M) et () + /e (0] an
+[V% + %(wz - 4A2)i( IV () + 20630 - d- ()] B) }

where 1§ = ¢+ ¥5. The particular linear combinations of mean fields which enter eqgs.(36) and (37) are dictated by the
basic symmetries of the quasiclassical propagator and transport equation under Galilean and gauge transformations.
[21] The I = 2, p = & components of the diagonal propagator are,

6gzi{1 - % 51(q,W)} = ?(qwﬁ)&(q,w(%égu) + (QA)IM(% ) Doy (38)

which exhibits both the direct coupling to the transverse current, via the quasiparticle contribution to the molecular
field, as well as the coupling to the order parameter modes, D5y, which are driven by the transverse current. In
addition, there is a Fermi-liquid renormalization of the stress, represented by A5. The functions &;(¢,w) and A1(q,w)
are given by,

dQ E

60.9) =15 [ T (o) 0= 00 B0 e (39)
dQ

An(g,w) = 15 / TG D B 1™ = DD~ A (40)

Mg = [T bl (41)

where A = A% is the full § and w-dependent Tsuneto function [see the appendix].
To complete the calculation of the restoring force we solve for the order parameter response to a transverse current,

2y . .
(5g ), from the inhomogeneous gap equation (37). We first carry out the p-wave projection to obtain,
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are all cylindrically symmetric tensors which are easily evaluated in terms of the moments of A(p) in eq.(41). Con-
tracting eq.(42) with the J =27, M = £1 tensor gives the equation of motion for D5,

Dz :% Z(Aoilxl)p(ql,w) [%% bz F %%(% iz (46)
where
e = {1 () o

Finally, combining eqs.(35), (38) and (46), gives the complete dispersion equation for collisionless transverse currents
in zero field,

(L)z _B 0+ F/5)G 8FF A (1+ F3/5)2 w? )
qus 15 14+ (1—¢&1)F5/5 225 o+ A1 (1+(1—¢&)F5/5) D(q,w)’
where the denominator is
Fs 8 A? F3
D(g,w) = {1+ (1 - &)} D(q,w) — — =W (49)
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The dispersion equation has two contributions: a quasiparticle term and the contribution from the coupling of
the transverse current to the order parameter mode, D5 . Also, note that the dispersion relations for right- and
left-circular polarizations are equivalent, reflecting the time-reversal and inversion symmetries of the B-phase. The
significance of eq.(49) is that D(¢,w) = 0 determines the excitation energy of the uncoupled J =27, M = £1 modes,
including dispersion and Fermi-liquid corrections. This dispersion relation reduces to the known limits for ¢ — 0, [31]

(1 + A(w)%) (w2 - %N) - 22F55A(w)w2 =0, (50)

and for Fy =0,

12
R N (5)
with cg1 >~ 0.4v;. [32]
Consider the dispersion relation for transverse current in the normal state. We set A = 0, and &; reduces to

¢ 15 /+1 de 2*(1 — z?)
1= =38 -

2
2 - 2 s—x (52)

with s = ﬁ, giving the transcendental equation for the dispersion relation for transverse sound, and the condition,

FP+3F5/(14 F/3) > 6, required for a propagating mode. [33] The closed form solution,
o_ [

q 15 Uf (53)

is obtained in the extreme limit, F¥/15 > 1, where we can carry out an expansion in 1/s. This result cannot be used
for quantitative estimates of the mode velocity since F¥ < 15 over the full pressure range of liquid >He. However, the
inequality which determines whether or not transverse sound is a propagating mode is satisfied above p ~ 3 bar.

In superfluid *He-B the collective mode contribution to eq. (48) drops out at low frequencies, w < A. And,
the quasiparticle contribution to the restoring force is also diminished by the gap in the spectrum. As a result, the
transverse sound mode dies out rapidly at low temperature. To discuss the qualitative features of the transverse
current mode, it is useful to consider the limit of very large F}, where we can make a long wavelength expansion,
quy € w; for convenience we also neglect F for this discussion (this is a reasonable approximation since F§ < 1). In
this limit eq.(48) becomes

w2 F} 2F} w?
—) == [1-Xw;T AMw; T 54
(qvf) 15 [ (W 1] + 75 (w3 T) (w+il)? — 15—2A2 - %qzv? ’ (54)

which clearly shows the resonant coupling to the J = 27, |M| = 1 mode. We include a phenomenological linewidth
I'(T) for the J = 27 mode due to scattering of thermally excited quasiparticles. An approximate form for this linewidth
is obtained from Einzel’s analysis [34] of the measured J = 27 mode linewidth, [35] T(T) ~ T'.\/T/T.e=2T/T | with
[. ~ 10% — 107 sec™! depending on pressure. Since the coupling to the collective mode drops out at intermediate
temperatures and low frequencies, we obtain the limiting form for the dispersion relation,



w2 F

(qvf) 15 Y., (55)
originally obtained by Leggett [9] and Maki. [10] This is the long-wavelength limit of the normal-state dispersion
relation with an effective F} reduced by Yosida function, Y(T) = 1 — A(0;T). The condition for an undamped
propagating transverse mode at low frequencies is also obtained from eq.(48) by neglecting corrections of order (%),
but retaining all terms orders in (quf) This limit was analyzed by Combescot and Combescot, [11] where the
condition, Ty /T. = 1 — 0.031(1 — 6/F})?, for the onset of Landau damping was obtained. The temperature below
which the mode is overdamped by particle-hole excitations is more difficult to calculate. The authors of ref.( [11])
argue that this condition is given by the weaker condition, FYY(T,) ~ 6, which implies a weakly damped mode
for T'> T, ~ 0.8 T, at p = 15 bar. Slightly higher frequencies are detrimental to transverse sound because of the

off-resonant coupling to the order parameter mode. Equation (54) implies that for w fq / 15—2A the phase velocity of a

transverse wave is reduced by level repulsion from the higher frequency J = 27 mode. The leading correction in %
to the phase velocity in the long-wavelength limit is
w2 F} Fy w \2

S =y - -y () 56

(qvf) 15 (7) 90( (7)) A(T) (56)

Thus, one expects low-frequency transverse sound to disappear rapidly below T..
At higher frequencies the J = 27 mode can play a different role; the order parameter mode leads to a propagating

transverse current wave at frequencies, 4/ %A(T) Suw< 2A(T), and low temperatures. This fact is qualitatively clear
L

from eq.(54). At low temperatures, the quasiparticle contribution to the restoring force, 3%

(1=2X), becomes small, or

unsupportive of a propagating mode; but, for w > 4/ 15—2A(T), the restoring force from the off-resonant order parameter

mode supports a propagating transverse current. Furthermore, this restoring force builds up as the temperature is
lowered. The result is a propagating transverse current, with a reasonably large phase velocity, % > vy, supported by
the order parameter mode.
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Fig. 1  Real part of the phase velocity from eq.(54) for transverse waves with Ff = 15 and F5 = 0. At low

temperatures transverse waves propagate with a phase velocity Re C > v; for frequencies 0.775ﬁ < 1.



The solution, (w/q) = C(w,T), to the dispersion relation (eq.(48) or (54)) is in general complex. The phase velocity,

defined by the real part of C'(w, T), is shown in Fig.(1) for several frequencies. For w < 15—2A0 there is no propagating
solution below a temperature 75, which is given approximately by 15—2A(T2) = w, as previously found by Maki and

Ebisawa. [13] However, for w > 15—2A0 a propagating mode exists at 7" = 0 with a phase velocity that is largest near

the collective mode frequency (compare the curves for w = 0.95A; and w = 0.8Ag). The group velocity is shown in

Fig.(2) for the same frequencies, and as expected, it shows the dispersion characteristic of the coupling to the order
parameter mode.
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Fig. 2 The group velocity for transverse waves with FyY = 15 and Fy = 0. Both the group velocity and phase

velocity are strong functions of frequency and temperature, indicative of the frequency response of the J = 27
mode.
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Fig. 3 The imaginary part of the complex phase velocity for Fi = 15 and F5 = 0. The sharp structure at high

temperatures is due to pair-breaking; the onset is at w = 2A(T};). The inset shows the ratio of the imaginary and
real parts for ﬁ = 0.8. At low temperature the attenuation drops rapidly as the thermally excited quasiparticles
freeze out.
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The damping of the transverse current mode also increases as w approaches the collective mode frequency, as shown
in Fig.(3). However, the frequency range of strong quasiparticle damping is |w — 15—2A(T)| < T(T) x e=2/T. The
inset of Fig.(3) shows the ratio of the imaginary and real parts of the complex phase velocity for temperature below
the pair-breaking edge, i.e. w < 2A(T). Thus, the propagation of transverse current via the order parameter collective
mode appears feasible at very low temperatures. Note also that the pair-breaking threshold is evident in both the real
and imaginary parts, but most strikingly in the imaginary part of the complex phase velocity as an abrupt increase
in damping for w > 2A(T).

The calculations based on the long-wavelength limit of the dispersion relation are only qualitatively correct solutions
to the full w- and ¢-dependent dispersion relation, eq.(48). The full dispersion equation requires the g-dependent
response function A(n,w) given in the appendix. Figure (4) shows a comparison between the low-temperature limit of
the phase velocities calculated from eq.(48) and the long-wavelength approximation in eq.(54); there are corrections

of 5 % to the phase velocity over the important temperature range below the pair-breaking edge. Short-wavelength
corrections are more important at frequencies and temperatures near the pair-breaking edge, where the singularity at
w = 2A(T}p) is smoothed out by dispersion effects. Also note that the phase velocity is sensitive to F§ because this
parameter tunes the frequency of the J = 27 mode (see inset of Fig.(4)).
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Fig. 4  Short-wavelength corrections to C'/vy. The dashed curve corresponds to the real part of the phase
velocity calculated from the complete dispersion equation (48) for Fy = 15 and F5 = 0. The solid curve is the
corresponding phase velocity calculated in the long-wavelength approximation from eq.(54). The inset shows the
variation of Re C/vy with F5.

B. Longitudinal Sound

High-frequency transverse currents propagate at low temperatures because of the coupling to an order parameter
collective mode. Essentially this same phenomena is responsible for the survival of longitudinal sound in the superfluid
at low temperatures. In that case the phase mode, a Goldstone mode with a linear dispersion relation, w = %q,
couples strongly to density and longitudinal current, and leads to propagating longitudinal sound with a phonon
dispersion relation; the coupling to density and longitudinal current pushes the velocity of the coupled mode up to the
hydrodynamic sound velocity, ¢1. [28] The cross-over from zero sound, suppported by the quasiparticle contribution
to the molecular field at T' = T, to collisionless sound in the superfluid, supported by the phase mode at T'= 0, was
discussed early on by Leggett, [9] who considered the long wavelength collective modes in a neutral, isotropic Fermi

superfluid. For weak Fermi-liquid interactions, Fy z 0, the longitudinal sound mode exists above T,, but becomes
overdamped below 7T, as the gap in the quasiparticle spectrum develops. However, at sufficiently low temperatures
longitudinal sound reappears due to the coupling to the order parameter phase mode. For stronger molecular field
interactions, Fj; > 1, asin 3He, the longitudinal mode does not become overdamped by reduction of the quasiparticle
restoring force. Thus, the basic physics underlying the survival of both longitudinal and transverse current modes
in superfluid 3He-B is similar; a reduction in the restoring force from quasiparticles as the gap develops, followed by
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propagation at low temperatures as a consequence of coupling to an order parameter collective mode, for frequencies

above the (uncoupled) order parameter mode frequency. Of course the unique feature of *He-B is the existence of order

parameter modes that couple to transverse current. And since these modes are not Goldstone modes, the frequency

and temperature dependences of the phase velocity are considerably different than those for the longitudinal current.
For 3He-B these general features of longitudinal sound follow from the dispersion relation,

(5) =i (5 s 5 ()0 [ t—gar) oD

which can be derived in analogy to eq.(54) for the transverse current (c.f. ref[ [21]]). We have set Fy, = 0 to
simplify the formula; corrections from the higher Landau parameters are easily included. This dispersion relation
shows contributions to the restoring force from the coupling to the phase mode (first term) and the quasiparticles
(second term). In addition, there is a coupling to the high-frequency J = 27 mode (third term). In the low-frequency
limit, w < A, the J = 27 mode drops out, and we obtain the collisionless sound velocity,

c2—c2 4 Y(T)
< Th1+E

(58)

This formula agrees with the well-known result for the zero sound velocity in the normal state, and reduces to the
hydrodynamic sound velocity for 7" — 0, when there are no excitations other than the phase mode providing the
restoring force. At higher frequencies the J = 27 mode contributes; the coupling 1s of order (quf)2 for frequencies
off resonance. However, near resonance this coupling leads to strong damping of longitudinal sound. A significant
difference between the coupling of the J = 27 modes to the longitudinal and transverse currents is that the longitudinal
current couples to the J = 27, M = 0 mode, while the transverse current couples to the M = &1 modes. Thus, a
weak (yH < Ag) longitudinal magnetic field, ﬁ||(j’, has essentially no effect on the propagation of longitudinal sound;
the situation is more interesting for the transverse modes.

C. Magnetic Field Effect

The phase velocity for right- (RCP) and left-circularly polarized (LCP) waves is identical in zero field, reflecting

the time-reversal and reflection symmetries of the B-phase order parameter. A magnetic field with ﬁ||q"breaks time-
reversal symmetry, and lifts the degeneracy of the two polarizations. The origin of this effect is the Zeeman splitting
of the J = 27 modes. [36] In a magnetic field these modes split into a five-fold multiplet,

~H

= Mgs_wp, M=04+1,+2 ; = ,
e I RE M)

(59)

where wy, is the effective Larmor frequency and go_ is the Landé g-factor for the J = 27 modes. [37] Since the field
does not break the cylindrical symmetry about the propagation direction, it is still the case that only the M = +1
modes couple to transverse current. The resulting dispersion relations for the two polarizations are again given by
eq.(48), but with the Zeeman splitting included in the dispersion relations (eqs.(48)-(54)) of the J =27, M = +1
modes. In the zero temperature, long-wavelength limit, the splitting in the phase velocity for RCP and LCP waves is
real, and calculated to be,

C+—C_ 4F18 go— Wr,
c T A(“)( w )

12

e () hef R () ) SN (60

for wy <« A. Near the collective mode resonance the splitting reduces to that of the J = 27 modes,

C_|_ - C_ (2g2_wL) 9 12 9 9
— , w:— —A°| K w* . 61
c - W =5 A (61)

This splitting leads to a rotation of the plane of polarization of a linearly polarized wave. At low, but finite
temperatures, the imaginary parts of the complex phase velocities also split in a field, giving rise to the analog of
circular dichroism of electromagnetic waves in magnetic media.
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Fig. 5  Magnetic field effect on the phase velocity of right- and left-circularly polarized waves. The real part of
C4(w,T) for transverse waves with polarizations ¢E) are shown for a field of % ~ 2 MHz (wz,/2A¢ ~ 0.05). We
have purposely chosen a large field to emphasize the splitting.

For linearly polarized waves, in the low temperature limit, the rotation of the plane of polarization has a spatial
period Ay ~ 27Tg2_CwL, where C' 1s the zero-field phase velocity. When Ay becomes comparable to or smaller than
the path length for a propagating transverse wave, the magnetic field will have a dramatic effect on the response of
an incident linearly polarized wave. For wp /27 = 1.3 MHz (H ~ 220 G) and C ~ vy ~ 32 m/s, the wavelength
for the rotation of the polarization is Ay ~ 0.25 mm. This field dependence and long length scale for the rotation
of the polarization suggests a novel way of detecting a propagating transverse current mode in 3He-B. Orthogonal
polarization transducers could be used to excite and detect transverse current waves. When the field is increased so
that the path length is d = %/\H the polarization will have rotated by 7/2. Such a signal would be direct evidence
for the propagation of transverse currents via the J = 27, M = %1 order parameter modes, and would not require
disentangling from an incoherent background that has plagued the detection of transverse sound in normal 3He. In
addition to the rotation of the polarization, the weak quasiparticle damping at low temperatures leads to a differential
attenuation of the RCP and LCP waves; thus, initially linearly polarized waves will become elliptically polarized rather
than simply having the linear polarization rotated as the wave propagates along the field.

D. Conclusions

Finally, it is important to note that the calculations described here correspond to the response of bulk 3He-B to
a probe of transverse excitations. In the high attenuation regime, where the transverse current decays rapidly with
distance from the moving surface, the acoustic impedance is likely to have substantial contributions from surface
effects not included in any present theory. Thus, the sharp structures shown in Figs. (1) and (2) at the pair-

breaking edge and at the J = 27 mode for w < «/15—2A0 may be only qualitatively representative of the frequency and

temperature dependences of the transverse acoustic impedance. However, in the low attenuation regime transverse
current will propagate and the predicted frequency and temperature dependences of the phase and group velocities
should be observable. Nevertheless, there may be additional channels for coupling of transverse momentum from the
vibrating surface to liquid 3He. A microscopic theory of the transverse acoustic impedance for high frequencies does
not presently exist, but will necessarily involve the order parameter modes, including the influence of the surface, as
well as low-energy quasiparticle states associated with the deformed order parameter near the surface.

In summary, transverse waves in “He-B at very low temperatures are expected to propagate as a consequence of
the off-resonant coupling of the current to the J = 27 M = %1 order parameter collective modes. The effects of a
parallel field, ﬁ||(j’, on the polarization of transverse current waves are analogous to those of circular dichroism and
birefringence of electromagnetic waves in superconductors, [38] and may provide a unique way in which to detect
propagating transverse currents in superfluid >He-B.
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IV. APPENDIX

The response function,

o [T de (772 + 2€w) Ble+w/2) + (772 — 2€w) Ble —w/2)
=8 e e |

(62)

— 00

. .0(2-A?) oo . . . . N
with 8(e) = QTZW tanh 5= and n = ¢ ¥, appears in connection with nearly all high-frequency excitations of
superfluid 3He-B. Quahtatlvely, %e(/\) measures the stiffness of the condensate at temperature 7', frequency w and

wavevector ¢. For many purposes, the long-wavelength limit is adequate; A(w) is then independent of the direction p
in momentum space,

— A / ¢€7Az {tanh&/iig)} | )

which is real and of order one for frequencies below the pair-breaking edge, except for T — T, or w — 2A(T). Near
the pair-breaking edge A(w) has a weak singularity, A ~ \/ﬁ. Above the pair-breaking edge, w > 2A(T), the
response function acquires an imaginary part reflecting the density of broken pair excitations,

~ _ 7 (2A tanh(w/47) . "
Sm(A) = 5 ( _ ) {—(W/QA)Z — 1} ; > 2A . (64)

For transverse sound the long-wavelength approximation is not valid, so it is important to examine the full §~dependent
function. A shift of the integration variable gives,

o=aat | Ty tanhﬁe (65)
Ve AZ
(w — )[4’ (w? +7°) — 4* A% — (w® — *)’]
[(4(e = )2 = n?)(w? = 0?) + 42 A%] [(4(e + §)? = n?)(w? — 9?) + 42 A2]

which can be transformed to
A2 oo 1 4£2( 02 2 A2 A2 — (w2 — p2)2
2 Jo — AT (W) (P Q) -2

with QF = [w4 -t — 4A%W? 4 2w/ (W2 — 2) (w2 — % — 4A2)] / [4(w? = n?)], by the change of variables, ¢ =
/&2 + A% and the series representation, tanh(%)/?e =T ﬁ The ¢-integral is easily performed and the

resulting expression for A(¢,w) is calculated by summing over Matsubara frequencies to the required precision.
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